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Abstract. The geometrical structure for a collective model description of extended relativis-
tic single hadron systems is investigated by considering a Yang-Mills theory of the de
Sitter group SO(4,1). The full SO(4, 1) symmetry is broken down to that of its SO(3,1)
stability subgroup resulting in a set of Goldstone fields which are taken to represent
coordinates of a point in the de Sitter fibre space and are used, along with the original
linear gauge fields, to define the vierbein and spin connection on the restricted bundle:
P'(M,, SO(3, 1)) P(IM,, SO(4,1)). The symmetry breaking parameter is taken as a
fundamental length relevant to hadron physics. The original linear gauge fields generate
a type of parallel transport which is the curved space analogue of development into the
flat affine tangent space and serves as the bridge between the geometrical and purely
gauge-theoretic descriptions. Upon quantisation, the generator of development in the
unitary gauge (Higgs mechanism), for a special class of horizontal Lorentz cross sections,
goes over into the de Sitter space momentum which serves to break the mass-spin degeneracy
inherent in the Poincaré group description and supplies a curved space perturbation in
the resulting relativistic Hamiltonian. The Hamiltonian is used to determine a completely
solvable set of dynamical equations of motion resulting in the Zirrerbewegung of the
extended relativistic object.

1. Introduction

Strongly interacting particles are classified using the internal symmetry groups while
their spacetime related attributes are typically gauged by using symmetries of the
physical Poincaré group. However, any Poincaré gauge model concerned with the
geometrical aspects of elementary particles will inherit the well known drawback
associated with the original attempts at obtaining a gauge-theoretical interpretation of
general relativity [1-5]. Namely, that only the local Lorentz invariance is realised as
an ordinary gauge invariance while local translations are absorbed by invariance under
general coordinate transformations. As a result, the fundamental underlying concept
of gauging using specific local symmetry transformations does not apply and the
complete Yang-Mills picture is not maintained.

However, a general procedure has been laid out that eliminates the difficulties
associated with earlier attempts to formulate a gauge theory of gravity in which explicit
gauge invariance is obtained as a consequence of the spontaneous breaking of some
larger symmetry [6-11]. For example, one may consider the physical Poincaré group
as the contraction limit of one of the de Sitter (as) groups leading to a spontaneously
broken Yang-Mills theory in which the symmetry-breaking parameter is the radius of
the ds space where the direction of the breaking is specified by the usual Higgs-type
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mechanism. Consequently, translational gauge invariance and invariance under general
coordinate transformations are kept separate and mix only after the Higgs field has
been ‘fixed’ in some prescribed direction (choice of gauge).

Therefore it is possible to retain the complete gauge picture throughout without
absorbing local translations as long as each Minkowski tangent space is replaced with
a non-compact homogeneous ds space (characterised by the fundamental length para-
meter, R) such that when the strength of the symmetry-breaking tends to infinity, the
ds group goes over into the physical Poincaré group and each ds space becomes a
typical Minkowski space. Inthe contraction process, the four dimensionless parameters
of the ds group are scaled by a factor of R and become the translation parameters of
ISO(3, 1).

In this paper we make use of this formalism in order to investigate the insights
into the internal spacetime sector of chargeless non-interacting single hadron systems
that can be gained by considering a spontaneously broken Yang-Mills theory of the
das group SO(4,1). More specifically, the questions concerning a spacetime related
non-Abelian gauge field description of a geometrically motivated mechanism for
non-locality-confinement, a completely solvable quantum relativistic dynamics of
non-local microstructures, and an associated experimentally verifiable mass-spin trajec-
tory relation are addressed by complementing the constituent quark-gluon substructure
(the ‘fast’ variables) of the conventional colour gauge field theory with a collective
model (‘slow’ variable) geometry realised on a soldered (Cartan-type) [12] ds fibre
bundle erected over a strongly curved but gravitationally flat four-dimensional
spacetime.

That is, we adopt Drechsler’s [13, 14] original idea as our fundamental physical
picture for a geometrical gauge theory of strongly interacting particles and ignore any
long-range gravitational fields in order to concentrate exclusively on the short-range
(hadronically-induced) affects on spacetime by assuming that the local non-flat charac-
ter of the underlying spacetime in the immediate vicinity of an attached micro-ds space
(with radius on the order of one fermi) can be directly attributed to the hadronically-
induced solder mechanism which essentially allows one to associate the physically
observable spacetime imprint with the internal ds fibre space. Therefore we consider
the internal ds group SO(4, 1) as a spacetime related symmetry group while establishing
a short-range modification of the conventional Minkowski geometry (typically associ-
ated with the arena for the Poincaré model of structureless elementary point particle
kinematics) leading to a curved-space gauge theory for a collective model description
of relativistically extended hadronic structures valid in the strongly interacting regime
(=1 GeV) of qgcp.

The organisation of the paper is as follows. In section 2, we review the details of
an SO(4, 1) gauge theory. The puliback of the Cartan connection in P(It,, SO(4, 1))
to P'(IM,, SO(3, 1)) = P(M,, SO(4, 1)) is emphasised. The Goldstonians of the sym-
metry-breaking mechanism are taken to represent coordinates of a point in ds space,
31=80(4,1)/S0(3, 1),, and, using the usual group theoretical techniques of nonlinear
realisations [15-17], are used along with the original linear gauge fields to define the
vierbein and spin connection [18,19]. A description of the complete geometrical
picture (concerning the effects of both spacetime curvature and torsion) is taken up
in section 3 by considering a curved space generalisation of the operator of development
[20] along with its associated notion of parallel transport & la Stelle and West in [8].
Also discussed in this section are certain gauge-fixing relations which serve to simplify
the full gauge-theoretic description thereby allowing one to make contact with the
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model of the quantum relativistic rotator, QrRr [21-25] (which has met with much
success in describing the rotational aspects of single hadron systems). Quantisation
of the SO(4, 1) gauge theory is carried out in section 4 where we employ the usual
gauge concept of particle interactions for a relativistic theory by interpreting the
SO(4, 1) generator of development as the SO(4, 1) ‘generalised momentum’ in which
the pseudo translational piece supplies an experimentally detectable perturbation to
the conventional Minkowskian flat-space description. A quantum relativistic Hamil-
tonian is obtained by applying the usual techniques of Dirac’s constrained Hamiltonian
mechanics [26] where the constraint relation leads to an experimentally verifiable
(rotator-like) mass-spin trajectory relation. In section 5 we derive a set of solvable
dynamical equations of motion which leads to the Zitterbewegung of the extended
object. Finally, the main results obtained in this paper are presented in section 6.

2. SO(4, 1) gauge theory and Higgs mechanism

Consider the vacuum state of spacetime to be four-dimensional pseudo Riemannian
with constant curvature of radius R and possessing a ds SO(4, 1) as its global symmetry
group of transformations. The four-dimensional manifold with constant curvature can
be parametrised by five coordinates ®, which for SO(4, 1) are constrained according
to:

&4 DBy, =-R? A B=0,1,2,3,5

where the ds metric 7,5 = diag(1l, —1, —1, —1, —1). The ds Lie algebra G is generated
by the R, , angular momenta J,5 = —Jz, Which satisfy the commutation relation

[-]ABs JCD] = _i(")ADJBC —naclap T MepJac — 77ACJBD)- (2-1)

Given some specific point of coordinates C(I)>A the SO(4, 1) generators can be decomposed
as [6]

Jap=Jy+ Qam+ pm, (2.2a)
where

Jy=Jap = R(DAP U~ PVac) (2.2b)
and

m=R7D (2.2¢)

with i, j=0,1,2,3. That is, the i,j have components only in the orthogonal subspace
to %DA such that: CODAJ,-j =%>Arr,- =0. The J; generate the SO(3, 1) stability subgroup of

dOY‘ (keeping %JA fixed while rotating its tangent space) and the 7, are generators of

infinitesimal translation of ®*. Equation (2.2a) leads to the usual four-dimensional
realisation of SO(4, 1):

(s Jul = =i(madi — mpdu + mudic = i) (2.3a)
[y, md = —i(num; — nymi) (2.3b)
(7, =] =iR_2Jij (2.3¢)

where the SO(3, 1) metric ;= diag(1, -1, -1, —1).
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The structure constants f$z of G have the form
f.TZl = 77ik5;"n57 + ")jl51m52 - 77:'151""52 - 7Ijk5:‘"57

STk =nud]" — 8§
1 m n mn n
$n=_('1?)(5.‘ 8/ —8j"87).

Therefore the Cartan metric tensor, Cp = f 5 f 50, may be expressed according to [27]

C= [Cij,kl Cij,k:I _ [6(77i17)jk = M) 0 :l
Coy Gy 0 (6/R*)ny

To allow for local group transformations we now associate to each point x* of the
underlying spacetime manifold %, (no longer in the vacuum configuration) an internal
space =% =S0(4,1)/SO(3,1), which is a local copy of the vacuum (one-sheeted
hyperboloid non-compact in time and compact in the space directions). The union of
fibres, 2§, represents the ds fibre bundle: E = U3} where =% for every x € I, is related
to the typical fibre =* by a map: £%=>2*. The ds bundle E(I,, 2 SO4, 1), P) is
associated to the principal as (frame) bundle: P(I,, SO(4,1)). On each 2% we have
a point ®£(x) which determines which SO(3, 1), subgroup of SO(4, 1) is going to be
the physical Lorentz group at each x, € M,. That is, ®7(x) is the Higgs field which
determines the ‘direction’ of the symmetry breakdown: SO(4, 1) > SO(3, 1).

The pullback of the Cartan connection in P to Ii,, f‘u(x), specifies the transport
of some SO(4, 1),-vector into an SO(4, 1), 4,-vector and thereby determines the nature
of a local ds frame when one performs an infinitesimal transformation in the u direction
on I, where

T, (x) =422 (x)Jas. (2.4)

The gauge potentials {f‘“’“’} represent the 40 ds rotation coefficients of the Cartan
connection. The SO(4, 1) covariant derivative of ®* is

V. 0*=0,0%+T A 0 (2.5)
and parallel transport about a small closed curve on I, results in the SO(4, 1) curvature
of the Cartan connection in P:

[67;“ eu] = i%ﬁpuABJAB
with curvature coefficients (gauge fields)

R, =0,0,48 =0, A8 +T 4T, 2 - T AT, 2 (2.6)

Gauge invariance of the covariant derivative implies the typical inhomogeneous trans-
formation character of the I',,

I =gl g7 ~igog™
where g e G =S0(4, 1) while the Cartan curvature field transforms homogeneously as
expected
R, =gR,.g"
The SO(4, 1) Lie algebraic decomposition implied by (2.2a) corresponds to: G =

H+T where H is the subalgebra generating the stability subgroup H =S0(3, 1) of
G=80(4,1) and T is a four-dimensional vector subspace R;, of G spanning the
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tangent space To(Z:) to X% at the specified point ®. Accordingly, the Cartan
connection defined on P is restricted to the principle bundle P'=
P'(IR,, SO(3,1)) = P(M,, SO(4, 1)) (where there exists an injective map y:P'-> P)
leading to the pullback of I', to P": T, = y*I', such that

Ty =0, =0, =30,%0; =0,/ (2.7a)
with

w,’=T," (2.7b)
and

6,'=RT,” (2.7¢)

(which corresponds to the (pseudo) translational gauge connection). Furthermore, the
pullback of the Cartan field strength (2.6) decomposes according to

M4 =3Q,,50,- 8, m (2.8a)
where

Q."=R,'+R7%8,8/-0,8)) (2.8b)

R,/ =6, —aywﬂij+w“ikwukj—wvikw“kj (2.8¢)

S, =8,8,-3,0,+w, 8, —w/ 0.~ (2.8d)

The field equations for I",*? are obtained by considering the Yang-Mills Lagrangian
density [28]:

L=—(k/2)CsgQ* r+Q® (2.9)
where « is a coupling constant, Q1* is the curvature two-form
0 =1R2, dx* A dx”

of the Cartan connection and the Hodge * operator defines the dual form *Q%.

In order to specify the Lagrangian density any further, one must first properly
interpret the linear gauge potentials: {w,”, 6.'}. As a first step, we note that the
decomposition of the pullback I',, into SO(3, 1) and R, , components given in (2.7) is
clearly no longer ds gauge invariant but now holds invariance only under the subset
of SO(3, 1) transformations. Thus it seems as though we do not possess any means
of parallel transporting ordinary Lorentz four-vectors while retaining the complete ds
symmetry throughout. However, under the process of spontaneous symmetry break-
down, four of the original ten ds generators break allowing the passage to a nonlinear
realisation of SO(4, 1) on the homogeneous non-compact coset space, * (in which
the nonlinearly transforming sets of SO(4, 1) fields transform independently according
to their SO(3, 1) index type). It is therefore necessary to determine the induced
nonlinear gauge fields on E(I,,3% SO(4,1), P) where the ds fibre I*=
SO(4,1)/S0(3, 1), (with the fixed point 0 in R,,>ZX*) is the space of nonlinear
realisations of SO(4, 1).

We begin by determining some convenient parametrisation of the point ®(x)e X%.
Let ((I)> be a fixed element of X* and J, be the generators of the stability subgroup
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H,=S0(3, 1), of @ such that: J,-J«(OI)A=O. The arbitrary point ®(x) is reached from
0

®(x) by acting with any element g of G =S0(4, 1) according to the prescription:
0
dD(x)=g<(I)>(x) ge G=80(4,1).

Furthermore, for any element g there exists a unique decomposition
8 =8r8n gr€ F=G/H,=50(4,1)/SO(3, 1), gn € Hy=S50(3, 1),

where g ®(x)=0. In the standard exponential parametrisation scheme
0

gr =exp(—ié )

such that the functions ¢'(x) completely determine the point ®(x).

The original linear gauge fields {T',*®} ={w,”, 6,'} are used to induce the nonlinear
gauge fields on E(IM,, =* SO(4, 1), P) by applying the group-theoretical techniques
of nonlinear realisations such that:

iT, =30, AU = i%d)“”JvaiBH'wi (2.10)
=exp(i¢: 7)(8, +i3w,"J, —i60,'m ] exp(—ié- ).

The induced gauge fields {T',**}={a,", 8,'} represent what are known as the physical
fields of a spontaneously broken gauge field theory and are explicitly expressed as
rather complex functions of the linear gauge fields, coset parameters, and their deriva-
tives such that:

- i o_ ij (0) 4 v i
o, =0/ tw, "+’ (2.11a)

v

Gi=0+6 +§ (2.11b)

M M n "
where (3))“"' and (3)“i denote those parts of the forms which are independent of the
original gauge fields and depend upon the coset parameters and their derivatives only
(the ‘classical’ parts of the nonlinear gauge fields) while @,” and é#" are proportional
to the corresponding linear gauge fields and, along with w,” and 6, can be chosen
as new independent variables. In the so-called ‘unitary gauge’ choice where ¢'=
(0,0,0,0), @, =w,” and §,'=0," The classical part of the vierbein defines the
maximally flat (background) spacetime which has the isometry group SO(4, 1).

In terms of stereographic projection coordinates, Z', on =* (projection of the ds
hyperboloid on the tangent hyperplane T,(Z}) at the point £) where

£i(x)= Z'(x) o, 1+Z%/4R’
X =1-Z%/4R? 1-Z2/4R?

with Z?=2Z'Z,=(Z°?—(Z")? - (Z2%?*-(Z*)?, we have that

&=

@,1(x) = 1R F(x)(2'9,2' - 2/8,2") (2.12a)

and

(g)ﬂf(x) = F(x)8,' (2.12b)
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where

1
Fx) =1"Zzx

The line element has the form
dz* dZzZ*

2 — Q) m v
ds g, dZ" dzZ nw——(l —ZY4R)

where the spacetime metric tensor

0
(0 (0) (0}

gy,v = 6#i 0 vi = n;uz[F(x)]z-

Under local SO(4, 1) gauge transformations, the induced fields transform according
to a representation of the SO(3, 1) stability subgroup

_iéLiT"i =gH,(—i(9-Mi‘fTi)gZ;11 (2.13a)
il =

150, Ty = g, (130, g 11, + 811,98 1, (2.13b)
where gu, € Hy= SO(3, 1), is a (nonlinear) function of ¢' and ge G =S0(4, 1). There-

fore @,” transforms as a typical connection while 6, transforms homogeneously
(characteristic of a nonlinear gauge field) according to the four-vector representation
of SO(3, 1) but with the nonlinear element gy, .

Since the SO(4, 1) translations are broken, the (7,‘" should not be considered as true
translational gauge degrees-of-freedom but are instead of a set of four-vector fields
(vector bosons) with the transformation character expressed by (2.13a). Of course we
still retain the freedom in making some SO(3, 1) gauge choice and, in a certain sense,
we have reduced the full ds gauge theory down to a Lorentz gauge subtheory. However,
in order to make the reduction to an SO(3, 1) gauge theory complete [29], it is necessary
to go one step further and to eliminate the 8,’ altogether which can be done quite
naturally by identifying it with the spacetime vierbein A, (the soldering condition):

8, =h, (solder mechanism) (2.14)

(the components of which are given a priori and therefore cannot participate in the
description of any specific gauge field description).

So, the Higgs mechanism enhanced by soldering allows one to interpret the non-
linear gauge fields {@,”, 8,'}, expressed by (2.11a) and (2.11b) as the spacetime spin
and vierbein fields {@,”, h,'} where the components, h,’, of the soldering form provide
an isomorphism between the tangent space to spacetime at x € %,: T,(2M,) and the
tangent space to =% at ¢£'(x)e Xt Tg(x)(Ei), where the £'(x) are selected out by the
cross section (choice of gauge).

Under the soldering condition, the 2} metric n; uniquely determines a metric on
M, thereby establishing an association between the strictly spacetime related features
based on the g,, and the attached internal ds space with group metric 7, where:

gy.V = I‘Tuih-vjnij' (215)

Consequently, the structural group G =SO(4, 1) can be interpreted as acting on either
the vacuum images, X%, or on spacetime itself. Not only does the soldering mechanism
between T.(I,) and Tém(zi) provide a metric on IR, but it also supplies a means of
measuring distance in the attached fibre space. That is, without soldering, the radius
R of the internal ds space X} has no direct physical implication. Distance has meaning
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only on I, where it is measured in metres and soldering transfers the meaning of
distance to the internal 2% so that R is, once again, measured in units of metres.

Using the decomposition of the Cartan field strength (2.8) along with (2.14) and
the explicit form of the Cartan metric, C45, allows the Lagrangian density (2.9) to be
expressed in terms of the connection and solder forms in the bundle P'(IR,, SO(3, 1)).
Up to the invariant volume element we have that (see Zardecki [28]):
L=3x[(1/2R*)R;, . h**I" +iR,, R™

ijuv
+(1/2R4)g#)‘gw](niln]k_njlnik)};:.;.’?yﬁl)(\];if_(1/2R2)§,-“V§i“y]
where the SO(3, 1) curvature, R,,”, is given by (2.8¢) with (2.11a) and the torsion,

v s
S, is given by (2.8d) with (2.11a and b). Thus, the symmetry-breaking parameter R
appears as a natural dimensional constant which essentially sets the scale for the
associated fundamental interaction (which for the gravitational coupling, is of the
order of the Planck length R = Ry =107** m and for the short-range strong interaction
should be of the order of one fermi: R = Rg=10"""m). The first term is the gauge-
invariant curvature scalar of I,, the second term is the curvature kinetic energy of
the gauge fields (the topological invariant) and the last term is the torsion kinetic
energy. (That torsion has its origin in a ds SO(4, 1) gauge theory was already shown
by Townsend [30].) The third term is the curvature scalar of the group SO(4, 1), the
vacuum polarisation (‘cosmological’ constant), and sets the interaction scale.

As noted by Zardecki in [28], when the action is varied with respect to @,” and
lif, the following pair of field equations in the bundle P’'(IX,, SO(3, 1)) is obtained:

D'“[ig’1/2R_ijp.v+(2/R2)(h'iuﬁjv_Ej#’;iv)]+(2/R2)'g‘1/2§jiv =0 (216(1)
D“[|gl1/2§iuu]+‘g|1/2[§iv+(3/R2)EiV] =0 (216b)

where 15# denotes the covariant derivative in P'(,, SO(3, 1)). In the infinite symmetry
breaking limit (when R —» o), SO(4, 1) goes over into ISO(3, 1) and the field equations
supply both the Yang equation and Einstein’s equation extended by torsion. Therefore
the theory described by (2.16a and b) is equivalent to that of Einstein’s gravity when
the symmetry breaking parameter is very large and the constraint: .S:#"j =0 is imposed.

In this work our interest is not with the fundamental length associated to gravitation
but lies in the interpretation of R as a naturally occurring length appropriate as the
scaling parameter relevant to hadron physics where Gs = R% (Rs = 10°°R, with the
Planck length Ry =(Gn#h/c’)'/?=2.0%x107* m). The typical Schwarzschild relation
valid for hadronic dimensions reads:

2GM, h

P=R=
e? M,c

where we have introduced the Compton wavelength of the proton, and one readily
determines that G=10*Gx = Gs which is of the order of the strong interaction.
Therefore, in complete analogy with the gravitational coupling, the strong force should
manifest itself through the explicit curvature of spacetime. We now reinterpret Ein-
stein’s cosmological constant (vacuum polarisation) as a new large ‘cosmological’
constant Ag=(Msc/h)*>. The corresponding field equations, being of the Einstein
type, constitute a gauge theory of strong spin-2 interactions and the presence of the
Ag term is equivalent to introducing a mass term in the associated Lagrangian.
Therefore the space within the hadron becomes (strongly) curved and might cause, in
the most symmetrical state (ground state configuration), a metric of the as type where
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the associated Schwarzschild radius (Compton wavelength) acts as a natural
confinement mechanism.

This allows one to view the structure of composite particles and hadron spectroscopy
as originating from a purely geometrical theory of spacetime which finds complete
justification in the context of strong gravity theories [31] invoked in the study of hadron
physics [32-36] where the space within a hadron can be described by a metric of the
ds type and the radius of this space is of the order of the range of the strong interaction.
Beyond the radius of the interaction, the hadronic matter distribution falls rapidly to
zero and a strictly flat spacetime is consequently established (in the absence of
long-range gravitational perturbations). That is, the vanishing of the hadronic matter
distribution is viewed as inducing a contraction of the ds group SO(4, 1) down to the
flat space ISO(3, 1) group, the kinematical group for structureless elementary point
particles embedded in M,.

The usual notion of parallel transport of a Lorentz vector V* lying in T,(IN,) is
generated by the covariant derivative:

D, =s,+i3a0,"J;

by first converting the world components of V* into its nonlinear ones V' using the
vierbein field V' =h,'V*. Transport about an infinitesimal closed curve on spacetime
results in the SO(3, 1) rotation

(D,, D,]1=itR,.J,
determined by the Riemann curvature tensor
@il (2.17)
which represents the standard Yang-Mills field strength for the non-Abelian Lorentz
group. Therefore the usual concept of parallel transport generated by the SO(4, 1)
covariant derivative leads to the appearance of spacetime curvature only, thereby
falling short of describing the complete geometrical picture of a ds SO(4, 1) gauge
theory. And the underlying reason for this short-coming can be attributed to the
absence of the appearance of a torsion term, the origin of which can be traced back
to the fact that the (pseudo) translational gauge component does not take part in the
typical transport process. In order to obtain the complete geometrical picture, we
follow the work of Stelle and West in [8] and construct a second type of differential
operator along with its associated notion of parallel transport (which in the present
formulation is a (44 1) curved space analogue of the differential geometric process of
development into a flat affine tangent space) in which the translational component
turns out to play the central role.

p i _ ~ i _ = i = ik~ j_ =
R, =8,0,"-0,6,"+6, 0./ — o,

3. The development process and gauge conditions

The generator of development specifies the horizontal direction and is defined in terms
of the original linear gauge fields:
A, =3, +isw,J;—i0,'m; (3.1)

and is a purely gauge-theoretic expression which essentially serves to map curves and
vector fields defined on M, into their =* images. The idea is equivalent to that of
rolling a copy of 2* along a curve defined on T, (M) thereby transferring the curve
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and any associated vector field onto its surface. The presence of the linear gauge fields
{07, 6,'} is to ensure that =* will not ‘slip” or ‘twist’ about the vertical as it rolls. We
therefore interpret the arbitrariness in the choice of origin and coordinate axes orienta-
tion of £* as the freedom in making translational and rotational gauge choices.

Transformations induced by travelling about an infinitesimal closed path on space-
time are specified by the SO(4, 1) curvature fields

[A;u Au] = i%Qy.VUJij _iSp.viﬂ'i (3.2)

where the rotational and translational sectors have already been expressed in (2.8¢
and d). In the vacuum state {w,’, 6,'} ={0, 0} and spacetime is a ds space £* with
A,=4,. That is, M;* and =* fit together exactly and development involves no
observable changes in the local frame at all. For this trivial gauge choice, the spin
connection and vierbein field {ca,jf, h,'} are expressed as functions of the coset para-
meters and their derivatives only as given by (2.12a and b).

We now consider the purely geometric structure of spacetime by considering the
action of A, on an arbitrary nonlinear vector field, V' such that:

AV = (3, +i%a, 00, +ih'm) V' = (D, +ih 'm) V' (3.3)

The meaning of this expression is the following (where we have used the notation
of Stelle and West). First parallel transport the vector V'(x+dx) (lying on
Teixrax(Zt+ax)) across spacetime from dx* to x* using D, resulting in V'(x) (lying
in T,(2%)) followed by an internal parallel transport in £} (with help from the ds
boosts, ;) from ¢'(x) out to £, (x; x+dx) (which lies in T, (.rax(Z3%)). Therefore
the process of development allows for the freedom in moving to various points in the
internal ds fibre space attached to the point x* € IR,. (Note the change in sign of
the translational term in (3.3) which is necessary for this interpretation and holds in the
present formulation as a consequence of the SO(4, 1) Lie algebraic automorphism:
;- —;) This description is simply a restatement of the fact that the gauge transforma-
tion induced by il_{“"';r,v is completely equivalent to parallel transport in 2} generated
by the ds space covariant derivative:

(0) O
—_ 1L Y
D,=35,+iz0,"J;

B _ o .
from ¢"(x) e 23 out to £5(x; )(co-)f dx)e3%. The ds spin connection is @ ' = A*; h @,
where the ds vierbein field, k", serves to connect coordinate-induced (holonomic)
indices n, r, s to the anholonomic i, j, k ones.

In analogy with the action of A, on a nonlinear vector field as expressed by (3.3),
we have that the curvature terms as given by (2.8a-d) may be expressed according to:

%mu.uABJABE%Q—uvij‘]lj+s“v'77i (3.4“)
which has the geometrical interpretation that the ds curvature (rotational sector):

Q.. =R."+R*h/h} - h'b/}) (3.4b)
supplies the net SO(3, 1) rotation of the nonlinear components of the translated vector
and is the difference between the usual Lorentz curvature tensor on spacetime (given
by (2.17)) and the Lorentz curvature tensor of ds space. The torsion tensor (translational
sector)

S, =d,h' —a,h' +&,hf—a,ht (3.4¢)
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indicates the amount by which an image curve on X}, corresponding to a small closed
curve on spacetime, fails to close. (The transported vector does not remain attached
to the parallel congruence of geodesics but is rotated relative to nearby geodesics by
the action of (3.4c).)

For the SO(4, 1) gauge theory, the mechanism of spontaneous symmetry breakdown
is triggered by constraining the non-dynamical field ®“(x) to a (4+1) ds space with
®*®d, = —R* The local SO(4, 1) invariance can be used to orientate ®*(x) in some
prescribed direction which breaks the full ds symmetry down to that of one of its
Lorentz subgroups. For example, in the so-called ‘unitary gauge’ one sets

4 (x)=6"R
so that from (2.2¢)
m =R,
and from (2.5 and 2.7¢)
V,.®(x)=RI(x)=86, vV, ®%(x)=0. (3.5)

That is, for the unitary gauge choice the Higgs field is constrained to point in the fifth
direction and the corresponding coset parameters £'(x) = (0, 0, 0, 0) everywhere. Thus
any possible reference to the Goldstone field and its derivative is eliminated from the
Lagrangian and any trace that the ¢'(x) might play in a full ds SO(4, 1) gauge theory
is entirely suppressed. So the unitary gauge demands that
{0, 6./} ={a," '}

(unitary gauge) where 8,' is identified with the spacetime vierbein field that provides
the solder between T,(I,) and Ty, (23).

While the complete dynamical theory should be fully gauge-invariant, observations
and the description of any specific physical model should be associated with the
additional imposition of certain gauge-fixing conditions. These gauge constraints would
lead to the vanishing of certain curvature fields (rotational and/or translational)
contained in (3.4a). For example, if IE,LDU=O over some region in spacetime, then
(adhering to the usual principle of classical gauge field theory) there should exist a
horizontal cross section (gauge) with @,” =0 (complete absence of SO(3,1) gauge
interactions). In this case, directions take on a global meaning in the region over
R,.”=0. In other words, trivialising the Lorentz gauge such that {@,”, h,'}={0, b’}
generates a ds (4+1) spacetime enhanced with torsion §,,' #0, and as the strength of
the symmetry breaking tends to infinity (R - o0) the theory limits to the description of
spacetime carrying a telleparallelism [37]:

Rooe R v=0
., U, —= Ts.

Furthermore, for a spacetime to be as flat as possible, we expect that both R,,” =
and S,,' = 0 and the preferred cross section should be the one that follows the horizontal
direction with {&,”, h,'} = {0, 0}. However, classical gauge field theory suggests that if
h.' =0 we then obtain the rather unsatisfactory result of no observable change in
position (the solder between T.(JR,) and Tg(,)(Zfl) breaks down and we completely
lose the rigid linkage between fibre and base space). In order to circumvent this
difficulty we trivialise the ds gauge potentials in the unitary gauge by finding a certain
class of Lorentz connected cross sections such that:

{a-);.tija h_y.i} = {Oa 8;Li}




1896 R R Aldinger

(inertial gauge) and impose the constraint §,,' =0 (a global sense of position) leading
to:

3,8, —a,8, =0 (3.6a)

R,7'=0 (3.6b)

Q.."=R7%8,'6/-8,8)) (3.6¢)
which describes a maximally flat spacetime with:

(A, 8,]1=13Q,.%;=iR7*],,. (3.7)

Therefore for a as SO(4, 1) gauge theory the maximally flat spacetime is described by
a non-flat connection thereby justifying its observable translational structure [38] and
one cannot regard the underlying spacetime in the immediate neighbourhood of its
associated ds fibre space to be strictly flat. With the ds gauge group, the observation
of translations is directly attributed to the fact that, in the ‘inertial frame’, the A, are
non-commuting for all possible gauge choices.

We close this section with a few remarks concerning the extended object’s relativistic
displacement and centre of mass vectors. In usual classical mechanics, one typically
associates the motion of a structureless elementary point particle with the point to
which the mass (energy due to internal excitations) of the object is attached. In that
description, the object’s centre coincides with the origin. For the non-local object we
have a naturally occurring fundamental length which is taken to specify the object’s
non-trivial extension. Now the centre of the extended object becomes, in its most
general configuration, displaced from the origin where the relativistic definition of the
centre of mass is given by the Lorentz four-vector [39, 40]:

P* PJ P" Pt

Y#=Jm-r?——*‘m—2}-o—+—-}fo—=q“+ﬁ“(t—qo) (3.8)

where the relativistic displacement:

PV
4. =Jm’—n'3 (3.9)

specifies how much the object’s geometrlcal centre is displaced from the origin when
the velocity P =P, (P%7! vanishes, P =(1,0,0,0). When the object is in motion,
the vector g, 51gmﬁes how far the centre of mass trajectory is displaced from the origin.

4. Quantisation and the relativistic Hamiltonian

So far we have treated the ds structure group and its SO(3, 1) stability subgroup as
they pertain to a geometrical gauge theory of a non-local microphysical object in the
soldered fibre bundle formalism. However, a quantum physical system is not described
in purely geometrical terms but, according to the fundamental postulates of quantum
mechanics, by an algebra of operators which act in the space of physical states. In
particular, according to Wigner [41], one associates with the symmetry group of motion
in Minkowski space, M,, the physical states (structureless elementary point particles)
which are described by the irreducible unitary representation spaces of the Poincaré
group (the generators of which are represented by the Hermitian operators: momentum
P, and total angular momentum J,, = Q,P, - Q,P,+S,,). In this paper we shall
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follow Wigner and use the representation spaces of ISO(3,1) and the algebra of
observables generated by P, and J,, as a basis for an SO(4, 1) gauge-theoretical
description of extended single hadron systems at the quantised level.

In order to resolve the well known mass degeneracy (decoupled mass and spin)
inherent in the Poincaré group description of structureless elementary point particles
we introduce a symmetry breaking interaction by using a substitution analogous to
that used in the electromagnetic interaction: the minimal coupling scheme. However,
the required strength of the symmetry breaking must be on the order of the strong
interaction thereby supplying a fundamental length leading to a description of extended
hadronic structures of constant curvature with radius on the order of Rs=1fm.

Therefore we return to the purely gauge-theoretical SO(4, 1) process of development
and, for the simplest case of non-interacting systems, employ the horizontal Lorentz
cross section in the unitary gauge such that:

A, =3, —irJs, (4.1)

where we have used (3.1) and replaced the (geometrical) radius of £° with the
corresponding strength of the symmetry breaking: R™' =21 =1 GeV. We now go over
to the position representation where momentum P, =-i3, and, correspondingly,
generalised momentum B, = —iA, give:

B,=P, -\, (4.2)

where Js, is naturally identified with the quantum mechanical analogue of the relativis-
tic displacement of the system'’s origin, (3.9). Therefore,

JSuEl;u(=b;_LM)=%{Jppa ﬁp} (4'3)

(where P,P*=M? and P, = P,M™") which is, up to a sign, the dimensionless form
of the quantum mechanical analogue of the relativistic displacement (Finkelstein [42]
centre operator of the origin type). Therefore,

B.=P,-Ab, (4.4)

which generates the motion (in a four-dimensional symmetrically curved ds space)
corresponding to that generated by the P, (in a typical Minkowski space) and goes
over into the motion generated by the P, in the limit of zero curvature (as the strength
of the symmetry breaking tends to infinity). Clearly, this particular feature of ds
spacetime is of little significance in the usual cosmological sense where R ~10**m
which minimises any possible affects that the Js, might have on the 4, in (4.1).
However, in the context of the hadronic short-range field described by a metric of the
ds type the situation changes since the associated radius is now of the order of 1 fm
thereby disallowing the approximation of SO(4, 1) with ISO(3, 1). In this realm, one
cannot ignore the contributions of the 5# in (4.4) which serve to introduce a ds space
interaction resulting in a perturbation on the underlying quantum relativistic dynamics
generated by P, and J,, and eventually lead to a non-degenerate mass-spin trajectory
relation (as discussed below). It is as if the intrinsic curvature of the ds fibre space
has removed the mass degeneracy of the Minkowski space description by supplying
the necessary symmetry breaking interaction.

The relativistic displacement vector g, as expressed by (3.9) has been introduced
by assuming that the extended object’s centre of mass and origin do not necessarily
coincide. Quantum mechanically we have that

-4.%" =b, (=5, M) =1M (I, P*) *9
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and, since the angular momentum consists of both orbital and intrinsic components:
b, =AM {Q,P,~ Q,P.+S,,, P’} = Q, +BB,M™'—(P-Q)P, +d,
where
d,=8,,P° (4.6)
denotes the intrinsic part of b, such that
b, =b+b"
with
b= Q. +BP.M ™ - (P-Q)B, b=d,.
Therefore
Qu=Y.—d, (4.7)
where the quantum relativistic centre of mass:
Y,=b.+B,[(PQ)-3M™"].
However, in the (extended) particle’s rest frame where Isu =(1,0,0,0):
P-b=iM"'=b,
so that
Y, =b,+B.[(P Q) —bol.

In accordance with the non-quantum relativistic centre of mass expressed by (3.8) we
now define proper time, 7= (P- Q) - b, and

Y, =b,+PB,r. (4.8)
The commutator of two d,’s is:
[d.,d]=—-iM"*(S,.+d,P,—d,P,)
which suggests the definition of the intrinsic spin tensor:
2,,=8,—-4d,P.+dP, (4.9)
where
(2 Zoo] = —1(8p 20t 8uo 2y — Euo 2y — o2 o)

with: §,,=8,,— 13“13;,. From the definition (4.6) for d, and (4.9) for 2, we find the
following operator identities:

d,P* =0 and P, =0. (4.10)

Inserting the definition for %, into J,, allows the total angular momentum to be
expressed as J,, =Y, P, — Y,P,+X,, where the quantum relativistic centre of mass
Y, is given by (4.8).

The quantum mechanical analogue of the purely gauge-theoretical process of
development about a small closed curve in spacetime may be expressed according to:

[B,, B, =AYb, 6,)-A(P.b,—Pb,)~A(b,P,—b,P,).
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Using the well known commutation relations of the Poincaré group with IA’A,L =PM™
and the dimensionless form of the quantum relativistic centre operator, b, given in
(4.5), we have that

(b,, P,]=~i(g..,~ P

.P)M and (P,,b]=i(g,. — PP IM

m

This result leads to the identity
(Pb,—P,b,)~(b.P,—b,P,)=0

which is recognised as the quantum mechanical equivalent of the geometrical constraint
of (3.6a). Therefore we have that

[B.,B,]=A%b,, b1=ir%],, (4.11a)

where, once again, we have used the expression for 5“ and the commutation relations
of the Poincaré group. The SO(4, 1) coupling constant A determines the strength
{domain) of the self-interaction (compensating) fields b, and is geometrically related
with the radius R=A""' of the micro-ds space where R serves as a measure of the
confinement distance (extension) of the isolated non-local object.

Equation (4.11a) together with

[J;LV, Jpa’] = _.i(g/.;pjycr + gwr‘]p.p - gy.ojup - gupJ;LU) (411b)
and

[B;szpo]:_i(gp.o'Bp_gupBa) (411(:)
show that B, and J,, generate another representation of a ds SO(4, 1). This representa-
tion, first introduced by Bohm [43], turns out to play the central role in the construction
of the model of the ds QRR in that the non-local quantum system is characterised by
the eigenvalues A’a’ of the second-order Casimir operator of this SO(4, 1):

ACy=B,B* —(A\*/2)],, J* === A%’ (4.12)
in the same way that the quantum relativistic (structureless) point particle is charac-
terised by the eigenvalues m® of the Poincaré invariant

irrep 5

m-c-.

p P+

"

Substitution of (4.2) into (4.12) gives

ACh =P P +3A = A2 W(P,P*) " == \’a? (4.13)
where the spin operator W(P,P*)™'=33,,5*" and X, is the usual spin tensor which
satisfies relation (4.9).

The quantum relativistic Hamiltonian is obtained by applying the methods of
constrained Hamiltonian mechanics and the constraint for the structureless elementary
point particle, = P,P* —m’c’=0, is replaced with the constraint imposed on the
second-order invariant of the d4s SO(4, 1):

®=P,P*—A*W(P,P*)' +A*E-a?)=0. (4.14)

The symbol =0 signifies ‘set weakly equal to zero’ since the constraint has nonvanishing
commutators and one must evaluate all commutation relations prior to imposing the
constraint. Following the rules of constrained Hamiltonian mechanics, one obtains
the following quantum relativistic Hamiiton operator:

D=¢D=¢[PP* - A W(P,P*) '+ A%(;-a?)] (4.15)
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where ¢ is a velocity parameter (Lagrange multiplier) and in the time-like centre of
mass gauge is determined to be (see Aldinger [23]) ¢ = —1/2M. The constraint relation
taken between the canonical basis vectors: | p s s;) (which form a basis of the space of
physical states [44]) leads to the mass-spin trajectory relation:

m’>=A%a’ =+ A%s(s+1) (4.16)
where

irrep

W(P,P*) ' =33,,2"") s(s+1).
The possible values for the SO(4, 1) eigenvalues, A%a?, are limited by restricting the
a to the principal series representation [45] (only those that go over into the physical
representations of the Poincaré group) where a>>%—s(s+1) thus demanding m*> 0
and no tachyonic states arise.

The phenomenological value for a?..., =3 and for af,a,yon =3. An empirical value
for the hadronic mass (coupling) constant A may be determined from the fits of the
experimental data and is found to be A =0.53 GeV which leads to a micro-ds space
radius R =0.37x10""" m (see Aldinger et al [22] for a complete description of com-
parison to the experimental data). .

In the infinite d¢s space radius limit, when the compensating gauge operators b,
are ‘turned off’, the generalised momenta:

B,=P,-Ab,»P,
and the as SO(4, 1) gauge group contracts into ISO(3, 1). Moreover, in order to obtain
a faithful representation in this contraction limit (as the strength of the symmetry
breaking tends to infinity) one must go through a sequence of representations in such
a way that A’a’>m’c®>0 which characterises the representations of the physical
Poincaré group. Therefore the second-order invariant of SO(4, 1) reduces according to

P,P*+3A% = A?W(P,P*) ' === 20> P,P* ———
where the square of the momentum decouples from the spin and the SO(4, 1) Hamil-
tonian goes over into the familiar Hamiltonian of the structureless quantum relativistic
mass point which is characterised by the kinematical Poincaré group.

Thus the curvature of spacetime breaks the mass degeneracy inherent in the flat
space mass operator where the radius of the curvature plays the role of the symmetry
breaking interaction. This result should be compared with general relativity which
requires a spacetime curvature to arise from energies of various interactions.

If one wants to describe a tower of hadrons (as opposed to a single hadronic bound
state), where each hadron is considered as a different state of the physical system
‘hadron tower’, one must take a reducible representation space of the Poincaré group
and introduce operators which describe transitions between the different irreducible
representations of ISO(3, 1). Therefore it cannot be constructed in terms of the Poincaré
algebra and in analogy to the Dirac y-matrices, which fulfil an analogous purpose for
the theory of the electron, we choose a Hermitian vector operator I', which together
with the intrinsic angular momentum S,,, (generalisation of the o,,,) form the simplest
unitary (infinite-dimensional) representation of a as SO(3,2). The I', and S, satisfy
the commutation relations:

[Sﬂ-l” Spo'] = _i(gu.psva+ gVO'S;Lp - gy,a'sup —gupspa) (4.17&)
[ pos u.]=i(ga.u.rp—gpura) (417b)
[rps F0]=_ispa" (417(.‘)

m3c?
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The additional representation fixing relation:

T, Lol +{Sp, S =800 (4.18)
(Majorana representation) specifies, of the many irreducible representations of the
commutation relations (4.17a-c), the four Majorana representations [46] whose main
feature is that they contain only one irreducible representation of the SO(3,1)s,,
subgroup. (Equation (4.18) is the analogue of the relation {[',,T',}=1g,, for the
four-dimensional Dirac case.)

One of the many consequences of the representation fixing relation of (4.18) is that
the spin operator:

W(P,P*)" =13, 3 = (P-T)’ -4 (4.19)
which gives the following in an irreducible representation:

irrep

W(P,P*)"! (s+3)7—5=s(s+1) (4.20)
3

where spin-s =0, 3, 1, 3, ... . Therefore, with the substitution of (4.20) into (4.15) we
may express the quantum relativistic Hamiltonian valid in the Majorana representation
of SO(3,2) as:

Maj___l_ ®_ 22 D.T)\2 25 2
oV = 2M[P“P AP +A(5=-a”)] (4.21)

which shall be used in the following section to determine the system’s dynamical
equations of motion.

5. Quantum relativistic dynamics

In order to obtain the time derivatives of the physical observables, £, the quantum
analogue of constrained Hamiltonian mechanics is used and, therefore, the derivatives
with respect to the evolution parameter = (proper time) are evaluated using dC/dr =
£ =-i[C, DM¥] prior to imposing the constraint of (4.14). Using (4.21) for the
relativistic Hamiltonian, the following = derivatives are obtained:

d,=8,P°=WY{PI,T,—(PT)P M (5.1a)
(where the fact that Ié'“ =0 has been used),

I, =-A¥PT,d M (5.1b)
and

Q.=B, —A\(B-D)F M2+ ANP-TYBM +ilA?d M, (5.1¢)

An explicit 7-dependent expression for the particle position Q,(7) may be obtained
by directly integrating (5.1¢) leading to

A

Q.(r)=B.r=A¥P°T,)M™> J [,(r)dr+A%(P°T,)*M2B,+

+idAIM 2 J d,(r)dr+D, (5.2)
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where D, is a 7-independent constant of integration. Furthermore, we have that
[, (r)=—AXBT, )M d (r)—iA*M T, ()

and
d,(1)= NPT, )M T, (1)~ A°M ' d, (7)

the solutions to which may be expressed as:

« R A2 R R
L. (r)=(PT,)P, —eXp(—iW (1 +2(Pprp)]T>Au
Al R R
—exp(im[—l+2(P"I'p)]T>AL (5.3a)

o Al A .
d,(ry=-i exp(—izﬁ [ +2(Pprp)]T>A,_L

. . /\2 A A

+1exp(1m[—l+2(Ppr)]r)A“ (5.3b)
where the fundamental mode operators (see Aldinger [23])

A, = AX+iA (5.4a)
with

< _(PT,)B, T,(0)

A= - 5.4b

A, = 2( ). (5.4¢)

Substituting (5.3a and b) into (5.2) yields:

Quir)= b+ Pr—d.(7) (5.5)
where the term bﬁ-f’ur describes the collective motion of the centre of mass of the
non-local object with centre of mass

Y, =b,+ 13#7'

already given in (4.8). The other term, which can be expressed as

i A’ il AP A
to=gor(-igg) T [ew(mipmar) [od, e
where we must restrict the modes to n==1 and fi;l =A“_,, describes the system’s
internal motions.
Equation (5.5) with (5.6) should be compared with the general solution to the
particle position equation of motion for the quantum relativistic string [47-50] where

P)-"
x*(a, T)—Q“‘f""‘r"' Z ~I" cos nor

n——oc n

where 7 is a constant with dimension (mass)?, when the string’s excitations are restricted
to the lowest mode (n==+1) and one considers the dynamics at one endpoint only,
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i.e. o =0 where x, (0o, 7) characterises the individual positions along the string’s surface
with 7,<r<r,and 0<o =L, and where L is the string’s length.
The time derlvatlve of total angular momentum is:

A

J —YP,, YP +2 —Y“PV Y,,P#+E“,,
where
3,.=0 and J,.=0.

Therefore Y, must be parallel to P, (and that 17# must be parallel to B,). This, then,
establishes the Zitterbewegung: as 7 proceeds, the expectation value (| Y, |) of the centre
of mass operator follows a straight worldline in a direction parallel to {|P,|), and the
particle position (|Q,[y=(|Y,.)—(|d,|) performs a helical motion about this worldline
with a rotational frequency according to (5.6) given by

2

A a
wo=>r [1£2(P°T,)]

which, for R on the order of one fermi and using the proton mass M, glves a frequency

of the order of 10 Hz. In the infinite symmetry breaking limit, d and d go to zero.
That is, a relativistic mass point does not perform Zitterbewegung. Thus, it is the
Zitterbewegung that causes the hadronic ‘size’ and modifies the affine (Poincaré)
description for the extensionless rotator into that of the ds description which is a ds
space of radius R on the order of a fermi, i.e. an extended relativistic object.

We can also obtain an idea for the ‘size’ of the QRR, i.e. the radius of the spiral
given by: Ja. One may directly verify that in the Majorana representation:

dd*=-3-Ww=-i-(P°T,)> (5.7)
This expression taken between rest states |p =0, s 55), leads to
d>=(sy50|—d,d*|0, s 55) = (55 5 0]d*0, 5 53)

and has the spectrum
1
=[+s(s+1)]—.
m

With the mass formula (4.15), one obtains

1 1 V2
‘A(1+{<a2—3>/[<s+%>2+51}> 7
which is seen to be on the order of 1/A and approaches 1/A for large values of s.
1/A = R was the radius of the ds space in which SO(4, 1) acts as the symmetry group
of motion. Furthermore, from (5.7) we have that d° = constant leading to the descrip-
tion of a rigid rotating system. (That is, for the special case of the Majorana representa-
tion we have a simplified model in which there is no way to incorporate the fine
structure effects due to centrifugal stretching and in order to consider these effects,
one would have to go to a more general representation of SO(3, 2)).
The commutation relations of the relative (internal) variables with the system’s
centre of mass momentum:

[P,,d,]=0=[P,,d,]
display the fact that the relative variables are translatlonally invariant while
[b.,d,]=id,PM™* [b,‘,d ]—1d PM™
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show a non-trivial ‘mixing’ between the relative (internal) position and the system’s
spacetime (external) centre operator of the origin type.

From the orthogonality relation. P"d =0, and the explicit form of d, given by
(5.3b), we have that P- A = P- AT=0(L.e. the fundamental mode operators are space-like
four-vectors). Therefore for the model of the QRR we have an orthogonality relation
which leads to an operator identity ensuring the elimination of ghost states. This
method of ghost elimination is reminiscent to that of the covariant non-canonical
relativistic string in the centre of mass gauge [49] where P- ¢ = 0 (which implies P-a, =0
for n>0) guarantees a positive definite Hilbert space.

The ds QrRR mode operators satisfy the following set of commutation relations:

[A,,A]=[A],A]]=0
(A,,All=—-¥g,..-P.B)(PT,)~}

which does not agree with the covariant canonical or, for that matter, non-canonical
algebra of the quantum relativistic string for which:

[a%,a;]=0=[a%", a}']
(a%,a’"1=(g"" ~ B*P")5,., (m, n>0).

Therefore one must conclude that the ds QrRr mode operators are not ordinary operators
of the harmonic oscillator type. However, they do satisfy the following relations (where
Ai= ﬁ"l“p):

and

where

A= (Ap)+ (AL +(AL) =4(P°T,) -}
and (13- I') has the spectrum n (=s +3 for the special case of the Majorana representation
used here). Therefore the basic action of the QRR mode operators is to raise and lower

spin for this particular representation and should, therefore, be considered as new
relativistic analogues of the usual ladder operators of angular momentum.

6. Conclusions

A geometrical SO(4, 1) gauge theory for a collective model description of relativistically
extended hadronic bound states, valid in the strongly-interacting regime of Qcb, is
established by considering a ds fibre bundle with Cartan connection. The full ds
symmetry is broken down to that of its SO(3, 1) stability subgroup leading to a
non-linear realisation of SO(4, 1) on the homogeneous non-compact coset space 3* =
SO(4,1)/SO(3, 1), the closed ds universe. The symmetry breaking parameter is the
radius of =* where the direction of the breaking is specified by the usual Higgs-type
mechanism. The resulting Goldstonians are taken to represent coordinates of a point
in 2* and are used, along with the original linear gauge fields, to define the (short-range)
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vierbein and spin connection. The usual concept of parallel transport across spacetime
is generated by using the covariant derivative defined in terms of the spin connection
leading to the (short-range) SO(3, 1) curvature field.

We write down a Lagrangian that is quadratic in the curvature of the Cartan
connection leading, after pullback, to a system of coupled equations for curvature and
torsion in P'(M,, SO(3, 1)). Under contraction of SO(4, 1) to ISO(3, 1) (when the as
length is large) the equations become Yang’s equation and Einstein’s equation extended
by torsion. We interpret the ds symmetry breaking parameter as a fundamental length
appropriate as the scaling parameter relevant to hadron physics thereby introducing
a new large ‘cosmological constant’ (vacuum polarisation) in the resulting relativistic
field equations. Therefore the space within a hadron becomes strongly curved and
might cause, in the most symmetrical state, a metric of the ds type where the associated
Schwarzschild radius (Compton wavelength) acts as a natural confinement mechanism.

In order to arrive at the complete geometrical picture entailing the effects of both
spacetime curvature and torsion while retaining the full Yang-Mills gauge-theoretic
concept throughout, we introduce a generalised covariant derivative along with its
associated notion of parallel transport which is a SO(4, 1) (curved space) generalisation
of the process known from differential geometry as development into the flat affine
tangent space of a differentiable manifold. The generator of the development process
is defined in terms of the linear gauge fields (which generate pseudo translations and
rotations in 2*) and is a purely gauge-theoretic expression which serves to map curves
and vector fields in spacetime into their X* images. The procedure essentially allows
one to interpret the local choice of origin and coordinate axes orientation of =* as the
freedom in making pseudo translational and rotational gauge choices. Geometrically,
development about a small closed curve in spacetime leads to the proper interpretation
of spacetime curvature and torsion.

The usual gauge concept of particle interactions for a relativistic theory (the minimal
coupling scheme) is employed by interpreting the quantised SO(4, 1) generator of
development as the SO(4, 1) ‘generalised momentum’ in which the pseudo translational
piece supplies an experimentally detectable perturbation (hadron extension) to the
conventional Minkowski description and gives some indication as to how much the
extended microstructure’s centre is displaced from the origin. (We have transformed
from a passive Minkowski background without an interaction (arena for structureless
elementary point particles) to a dynamical curved-space that forms an inseparable part
of the non-local hadronic bound state.)

The ‘generalised momenta’ (under the horizontal Lorentz cross section in the unitary
gauge choice) together with the SO(3, 1) generators of angular momentum supply
another representation of a ¢s SO(4, 1) which forms the central feature in a quantum
relativistic interpretation of an SO(4, 1) gauge theory in that the non-local object is
now characterised by the eigenvalues of the second-order SO(4, 1) invariant operator
in the same way that the structureless elementary point particle (without interaction)
is characterised by the eigenvalues of the Poincaré invariant P, P* === m?c% Using
the usual rules of Dirac’s constrained Hamiltonian mechanics, the second-order
SO(4, 1) invariant is found to supply an experimentally verifiable mass-spin trajectory
relation of the form m?=mj+A2s(s+1), thereby resolving the well known mass
degeneracy inherent in the Poincaré group approach. The strong gravitational constant,
A =R7!, represents the strength of the symmetry breaking interaction and from the
known experimental data A =0.53 GeV leading to a micro-ds space radius (hadron
extension) of R =0.37x10"" m.
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In order to describe a ‘tower’ of hadrons where each hadron resonance is considered
as a different state of the ‘hadron tower’ (physical system describing the quantum
relativistic rotator, QrRR), we introduce a Hermitian spin-changing vector operator
which together with the intrinsic angular momentum forms the algebra of a as SO(3, 2),
the system’s relativistic spectrum generating group. The special class of Majorana
representations of SO(3, 2) leads to a rigid rotator model (no elasticity) and a relativistic
Hamiltonian which is used to determine a completely solvable set of dynamical
equations of motion resulting in standard features of extended object dynamics such
as the Zitterbewegung with a calculated frequency on the order 10** Hz.
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